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Weighted PCM’ 

SUmmaJY 

A comparison is made between weighted PCM and conventional PCM 

from a f ide l i ty  viewpoint. For equal average transmitted power, it 

i s  shown that a weighted PeM system is capable of reducing the analog 

error associated with the reconstructed telemetry message by approximately 

823 o d e r  of Mlgnitude (equivalent t o  a signal-to-noise ra t io  gain of 2 db) 

at moder&te rf signal-to-noise ratios. 

optimum syetems are snalyzed. 

Optimum and more practical,near- 

Introduction 

The elements of conventional PeM have been previously discussed 

wherein, by the processes of sempliag and q w t i z a t i o n ,  an analog waveform 

may be representedby a set of discrete values. 

expressed as binary numbers, and their e lectr ical  equivalents (pulse sequences) 

These values are usually 

are  transmitted over a noisy binary channel. 

equal amplitudes and Kidthqand the aigit error probability af ter  decoding 

at the receiver is the same for all orders in  the binary sequence. Ln 

the tra~smission of nunibers, however, the orders of the pulse sequence 

have varying degrees of importance with respect t o  the fideli5y of the 

Tne pulses normally have 
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reconstructed analog waveform. !Chat le, for b i n q  nunibere the value or 

w e i g h t  of the i t h  pulse in a sequence Is 2'01, which is  seen t o  increase 

by powers of two 88 the order 1 increasce. An error in a high order pulse 

has considerably more deleteriaus effect than an error in a lower order 

pulse. Therefore from a f ide l i ty  Viewpoint, It is beneficial t o  modify 

the PCM process mch that &count is made of the importance of a pulse 

position. 

function. t 

The wpighted PCM eyetan analyzed in this report performs this  
L22 

Some previous work has been reported on weighted PCM wlth respect 
5 

t o  the c r i t e r i a  of u t i l i t y  and signal-to-noise ratio. 2,3 I n  this  report 

a criterion has been chosen which is believed more meaningful t o  the 

telemetry designer. The analyses performed give the specification of an 

optimum weighted FCM system fram the standpoint of minimum percentage m s  

o r  absolute malog error in the reconstructedwaveform. Consideration is 

given t o  emrs caused by channel noise and errors due t o  quantization. 

A mre practical near-optbam weighted PCM system is also snalyzed sod c o m  

psrisons are made with conventional FCM. 

Analysis 

The system model chosen l e  ablnary symmetric PeM channel, per- 

turbed by addltive gaussian noise, With coherent detection on a b i t  basis. 

The average error probability in the detection of the individual pulses 

i n  the PCM train is a Axnct'ton of both pulse anplitude and rm8 noise present 

and is determined fro@ 

where 

0 
*See Glosssry for definition of syldbOl8 wed, p. 21, 
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I n  ordinary,unweighted PCM each pulse l e  transmitted at the same amplitude 

and therefore a l l  the p ' 8  are equdl, 1 = 1, 2, --0, n, in a code word. 

This is the case even though each pulee position hae a different weighting 
1 

with respect 

weighted PQ4 

at different 

of the digit 

t o  the analog voltage that the PCM word represents. In a 

system, optimally Wusted, a.ll the pulses are transmitted 

amplitudes such that the pi's decrease w i t h  increasing order 

in the PCM word. 

In either system t h e  

position of a n - w i t  word 

probability of a single error in the ith 

is 

for  mal l  digit error probabilities.* For unweighted PCM, since p = pi, 

a 

The effect of these digit errors on the original. analog signal  canbe ex- 

pressed in terms of the nna error € or  GW. U 

For the weighted PCM case, the mean squared analog error of a pulse 

group or PCM code word is 

*Only the effect of single errore are caasidered.here. Ikuble-error results 
are discussed later in the section. 
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In Appendix 1, It I s  shown that 

n 

i d  

For purposes of comparison it I s  convenient to normalize E to Q the 

quantized signal range. Since 
W m' 

€ 
w n  n 

2 -1 

For .the unweighted PCM case the mean squared analog error is 

n 

E 2 = p  U Eei2 
i d  

n 
7 

2 4n-1 " Q P -  
3 

Thus, the rms nonnalized d o g  error of a pulse group is 
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The errors given by (10) o r  (14) represent that fract ion of the 

t o t a l  error which is due t o  channel noise. The t o t a l  error is comprised 

of (10) or  (14) plus the  emr due t o  quantization of the original 

analog signal. 

signal and its quantized equivalent, the mean squared analog error due 

If e is the error voltage between the actual instantaneous 
Q 

4 2  t o  quantization is 
P 

2 I e *  
1 2 , -  

Q J Q Q  

- 4 2  

and Ea, the nas error is 

f * 424 
Q 

Thus the t o t a l  r m s  aaczlog e m r  of a pulse group normalized t o  &m is 



for  the weighted PCM and unweighted PCM cases, respectively, 
2 

and E," are given by (8) and (13). 
el? 

Another relation which is needed fo r  the optimization 

where 

procedure is  

the average power in a F W  code word. For an n-bit word, the average 

base band or video signal pO$r is 
4, 

n 
p = t  a t  n 

id 

f o r  weighted PCM. For unweighted PCM, aU. the a ' 8  are equal, so 
i 

2 
P = a  

where a = a i a l l l  

The optimization problem is then 

a in the weighted PCM.system such that 

minimum, Wbject t o  a carrstraint on the 
i 

t o  determine the pulse amplitudes 

the t o t a l  r m s  analog error i s  a 

average power P. Since the quanti- 

zation error is a constant in (18) 

minimize (8) stibJect to the constraint (20). 

it is  sufficient t o  find the aiv s which 

This problem is solved in 

Appendix 2 u s k g  

pression fo r  the 

Lagrange's method of undetermined multipliers. 

optixum ai's is shown t o  be 

The ex- 

As previously mentimed, the above analysis neglected the effects 

I n  Appendix 3 the effects of of mor& than one digit error per PC34 word. 

double errors are discussed.. Whereas +he analysis f o r  the opC,imum ai's is 

Uffic-ult t o  performif d t i p l e  errors  are included, it is rela$ively simple 

_ .  
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t o  ascertain how much the i r  presence modlfies the previous results. 

modified relation for  the 11118 anslog error 

A 

(upper bound) including single 

and double errors was found, wherein the pulse amplitudes ai are set  

equal t o  the i r  bpt.lnnrm values compubed in the single error analysis. This 

expression, for $he weighted PCM case, is 

For the unweighted case 

12 q2{p + p2 [(n + 2/31? + 11(4~-'-1) 
- 3 '  E, 3 

n-1 

and 

The corresponding normalized errors are readily obtained from 

An additional analysis was performed based on a mean absolute 

e m r  criterion rather than a rms criterion. This is presented in Appeodix 

4. 

axe 

The procedures aze very similar and it is shown that  the optirmnn ai's 

defined by 



The normalized a.nalog errors are given by 
n 

ana 

I d  
. n  

- id 
n 
2 -1 

= P  

f o r  the weighted and unweighted P a  systems, respectively, 

Results 

The analytic results are plotted in several czirves of percentage 

andog e m r  versus rf or  input sign&-to-noise rasio, ~bS2 in a. 
Moreover, the results of a more practical near-op%imm scheme are shorn. 

Specifications are given for  optimum md near-optimum weighting of pulse 

orders i n  a PCM code wora. 

i n  Fig. 1, a comparison of weighted a d  wweigh%ed P a  sys+,sm is 

made,wi%h respect t o  %he normalized rn analog e m r  due t o  channel m i s e  

a lon5for  code word le%-bhs of 5i9 1 U p &  15 md several sigaa.l-lo-noise 

ratios. ISl Fig. 2 a similar comparison is made wfth re&peet t o  %he -bc~-hl 

rn analog errorp includhg q u t i z a 5 i o n  mise. h F i g ,  3 2he effects of 

including double errors are shom f o r  a code-word length of 10. The 

significant results are: 
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I 

Fig. 1 Comparison of normalized rms analog errors, due to channel no ise  
of weighted and unweighted PCN systems for several code lengths 
and signal-to-noise ratios. 
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Fig. 

4 6 8 IO I2 14 c; 

INPUT SIGNAL-TO-NOISE RATIO, ( P / 2 S d b )  
2 Ccqarison of total  nomalized 113s analog errors of weigh5ed m& 

unweigllted PCI system for several  code lengths 2nd s i - a - to -  
noise rat ios .  
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4 6 8 K) 12 
INPUT SIGNAL-TO-NOISE RATIO, (db5 

IO DO+ 

fie;. 3 Comparison of normalized rms analog errors,c?ue to c k ~ x &  aoise, 
of t re ia tecand  unweighted PCX systems, includir?z t h e  C l e c t  of 
double errors, f o r  a code length n=10, and sever& s ig- f i - ta -  
noise ratios. 

- 11 - 



1. QtfmEtlly weighted PCM system performance improves with code lerg%h, 

whereas unweighted PCM systepl performance is  constant for  n > 5. 

For a code wrd l e w h  of n -lo1 and moderate iIiput fi signal-to-mise 2. 

rs;Sios, the m malog e m r  i a  reduced by abaut an qrder of magnitude. 

For l q e  si$nal-to-noise r a t i o 8  the quantization error i a  domhant 

and therefor6 weighted and unweighted PCM systems are equal in per- 

formanee. 

.The analog error due t o  channel noise I s  increased only sl ightly 

at low signal-to-noise ra%ios when double errors per code word are 

imluded. 

3. 

,, ? 

4. 

Fig. 4 gives the relative pulse amplitudes reqzired f o r  each pulse 

position i n  an optimally weighted PCM word a8 a function of slgaal-lo-mise 

ratio. 

time, it i s  not feasible t o  achieve t h i s  optimal. weighting cont inuo~aly  

mles s  very elaborate equipmeat is  designed. 

of a near-optimum system in wbich the pulse wzightings m e  kep% fixed E& 

the ideal values associated with some mean signal-to-noise r&%io. 

5,  m&ified values for  the ai’s are given for  the ease where Shs 

Since received signal-to-noise ra t io  can be eqect;ed t o  vary TV~YU 

Azt altf;srza”,ve is the desf2:c 

In Fig. 

pulse weighting6 are held fixed at the ideal values associa-bed vi%% %e 

signal-to-noise ra t io  fo r  which the analog error due to c-el noise is 

e q - d  to %he quantization error, 

occurs at  P / Z ~  = 9.4 a. 
shown FL Figs. 6 and 7. It is seen that,  over a wide range of moderate 

signall-tc-noise ratios, most of the advantage due t o  weighti% is mh- 

+,abed. 

mus for  a code-word leng+,h n = 10, $his 

The performance of %his nesr-optimum rrystes is  

3 

AS signal-to-noise ratios removed fromthe design value of 9.4 db, 

the weighted performance qproachee that of the uriweighted Pc1\1 system. 
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Fig. 5 Coqarison of relative pulse zTl i tu<es for nezr-o$ixa EEC~ 
ostimu. weighted s y s t e s  for a c&e length n=10, mr.3 severd. 
sisal- to-noise  ratios. 
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2 4 6 8 0 12 
INPUT SIGNAL-TO- NOISE RATO, ( P/2c2 db) 

14 

~ i g .  6 Comparison of nomalized rms analog errors,due t o  charnel noise, 
of or>timum and near-o?timum wei&ted systems f o r  a code 
length n ~ l 0  and several signal-to-noise ratios. 
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Ewtn -Weighted PCM Error 
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rYg. 7 

4 6 8 10 12 
INPUT SIGNAL- TO-NOISE fWT0, (P/2rr23b) 

14 

Coqar ison  of total normalized IT~S a x l o g  EXOZ or" op t2x .z  
and near-oFtimum weighted system for 8 ccLe len&h n=10 E& 
several signal-to-noise ratios. 
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A f inal  set of curves i n  Fig, 8 give the results obtained by 

chocsing a different p e r f o m x e  criterion, rzamely - mean &solute analog 

error  dce t o  channel noise. 

is also shcwn, 

Comparison with the rms X Z E L ~ G ~  error criterion 

Fig. 9 indicates the reqiired pulse amplitudes f o r t h i s  case. 

Conclusion 

- Weighted PCM i s  a scheme which utilizes channel resouxes 

efficielitly for  the preservaiioa of the f ide l i ty  o r  accuracy of &ta. 

cori-has5 t o  the ~;onna,l. viewpoint of xxhimizirg digit. error probability, 

In 

a wsi&%ed PiCM sys%em i s  designea -to favor the communication re l iab i l i ty  of 

imporbart porkions of messages. 

p e r f o m c e  without the use of redundancy o r  error dztecthg a d  correc%ir'(l 

1% is  shown t o  be capable of improving 

coding 

The a t t a b i b l e  improvement over an ordbary PCM sys-ten i s  a mci; ioa 

of code length ami signal-eo-noise ratio. For exaqle,  ~5 an zv'emge rf 

inpul"u sign&-to-noise ra t io  of 8 a b j  arid cc2.e lez&h of 10 binary digit.s, 

+,he -t,oLal noraalized rms analog error i s  reduced I'ron &o;t 0.80 perter;: 

t o  0.01 percent by GptLmlly weigh-C,in& the pulse mpli'?&ks ia She X I 4  W P ~ .  

3ie  reqaired pulse weign2iligs my  be oljtained by v a y i w  p o ~ . ~ r  $3 

differeat oriiers, or  by effectively increasing t.he received sipzl-tc-zoic? 

ra-C,io by ad$us+,ing the tasa'urLd;ths and/or time of -the individ-a1 p-dses. 
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INPUT SIGNAL- TO -WISE RATIO , (P/~c’ cf 5) 

Fig. 8 Co.qarison o r  n o m l i z e d  nec-n abso lu te  errors ,  &Le u 3  
chamel noise, of weighted md unr.rci_@ted PC.i systers f o r  2 

code length n=lO, and several si@-to-noise rc-tios. 

- 18 - 



" I  3 5 7 9 I I  
PULSE POSITION i ,  FOR 10 DIGIT CODE WORD 

Fig. 9. Relative pulse aql i tudes fo r  an opturnslly (ne= a'osoldte e r r o r  
criterion) weighted PM system f o r  a code iength n=10 arid several  
sigruil-to-noise ratios. 
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In all ss'nemes, the pulse parmeters - power, 3m&&riVn9 and tim, ~30~12 

be lirA5ed by sone constraint on the t ~ t ~ l l  m o - a t s  of t'ne aveiPa5le re- 

sources, 

varie3le xull-zone reception and decision feedback. 

establishing the null-zone width may be set  increesi%ly farther apsr: s3 

%e order of the pulse i n  the code sequence increases. 

i2lcreEeeii re l iabi l i ty  is  obtained ti;t the expense of illcreased p d s e  C,rus-  

nission time. 

Moreover, a similar veigh%irig effect m y  be cchieved by ",ilpPlc;rirg 

The threskolds 

Lr: t h i s  w c e r 9  
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Ampli-bude of it'h order pulse, i = l , 2 ,  --- n. 
Naximum m d o g  range of qGmtized smqles per  unit 
qumtization i~Lerval  = QJq= 2n-1. 

Bias voltages. 

DecSmal equivalent of Qth coded word - 

i-1 n 
= 7 q ( 3 : 2  j x&> = 0,l. 

i-1 . Analog error of i t h  order pulse, 2 q2 

P;bsolu",e =aloe; errar of ith order, Iq2'-q. 

Analog error of jth order pulse, + c$'~. 

l4aximD a x l c g  error of b03.1 ith and j t h  pulse, 
- 
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in a. weighted 

group in a weighted 

group normlize5 

due t o  channel 
incluiiirg s-le 

2 

P 

h 
y. 

Q m 



Voltage of Jth quantum level, 3 = 1,2,----,8. 

Peak-to-peak s i g n a l  q l i t u d e .  

Weight of i t h  order pulse, Ziol. 

Average channel 

Error integral, 

noise power. Lj e-% 2 ax. 

sx 
0 
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Appendix 1 

Relations Between the Parameters of an Analog S i g n a l  

and its semp led-Quantized PCM Equivalent 

The sketches shown bel& indicate the notation to be used for 

the two cases considered: 

and negative values between + V d 2  an8 B) the analog sigacrl may assume 

only positive values between$O and Vm.* 

A) the anal% 6- may assum both positive 

-4 

I I  rn --r- 

fcl 
0 

vm Ik' 3 

' I  I 0 . . 

I 

t 
SyMMETRIcAt CASE 

B I 

4 .  I 
# 
4 

3 n 

0 

.) 

I 0 

msyMMETRIcAIl CASE 

*See Glossary for definition of eymbols, p. 21. 

. 
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level Y l e  3 

or 

Moreover, 

%bus# (3) can be exgreased in term of vPa ae 

(3) 

j = 1,2,---,~& 

--_ For the sesymetrical case tiepictea in B - _  

431 (7) 



The nrcurInnlm eppglltude excursion of 8p  n-digit PCM word is 

determined by taka the dlffercnce VI - ve. !Elm13 In ( 5 )  or (7) 

D e f i n h g  A&) ad the 

per unit qpaatizt%$lan 

v - v - q(2%) l e  

e d o g  range o f  the quantized samples 

Interpal, 

n = 2 -1 (9) 



w *- .-- 

oo --- o for  v,(*) 

t o  u --- 1 tor vl(+) (II . 
Since from iaspectiopl of plat A or from ( 5 )  

or 

For the a8ynmctrlcs;l case,the relation between v (+) and its 
3 -  

coded equivalent I s  

= ¶ dj + d2 

or 
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It is again presumed that the code correspondence is 

OO -0- 0 fo r  v (+) 

11 -0- 1 fo r  v,(+) 

s 

From (15) and (20) the error in aarpli tude resulting from 

noise 09 the telezPefrg chamel is seen to be determined merely by the 

manner in which the received x ( j ) ) s  differ flwm the transmitted 

q( j )  s. 

per signal sample when transmitted by PCM is from (15) o r  (20) 

i 
Letting v * be the received voltage level, the analog error 3 

If d differs from d * due t o  821 error in the i t h  dlgit of their 3 3 
corresponding coded words, then 

S i m U a r l y  if two -it errors per XM word occur, the mmdmum analog 

error is 

As is shown in 4pmdix 3, the inclusion of (24) into the determination 

of rms analog error, increases the error only slightly. This jus t i f ies  

using (24) fo r  fin- an ugper bound on et and elimimxtes the need f o r  

considering the various caibinations of two-digit errors and their 
W 

equivaJ-ent analog errors. 
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Optimum Weighting of Individual Pulse Amplitudes in an n-Digit- PCM Word 

for Mldmum @IS Analog Error Subject to an Average P m r  Limitation, 

!l!he mean squared mal= error due to channel noise of a pulse 

group or word 19 a weighted PCM sgstaar is 

if only single digit errors per word are considered. 

threshold pi(l,n) may be approadmated by 

Above the system 

Since 

or 

(1) becomes 

n - 

1-1 e = + q 2  I =  

n 

The 'average video s i p d l  power of a weighted PCM word is 
n 

P = )- a t  n 
$01 

(3)  

(4) 
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Hence, the problem reduces t o  finding the a s which will minimize (5) 

subject t o  the constraint (6). 

metbod of undetermined multipliers. If I s  the undetermined multiplier, 

it is necessary t o  fins t h e  appropriate set of a, s from the (n+l) equations 

i 
This problem ms;y be solved using Lagrange's 

and 

where 

eurd 

+- n 

Id 
n 

Moreover, for the  system model assumed, i.e. 8 symmetzdc binsry channel 

with additive gaussian noise and coherent detection 

J 
ai 

. .. 

- 30 - 



where 

This equation mryi be solved for the ai’s nnst easily by ‘*e method of 

successive approximations. Noting that the f i r s t  term in (15) is  much 

more sensitive than the secdndtermto variations in ai, a first appmxi- 

mation is t o  set  the first term equal t o  a constant, C. Since 

then, 
a 2  

2 s  
- 4-2 + (i-1) In 4 + h q 2  + c - 0 

o r  ai2 (i-1) 2 + I( 
2 

with K - 2 ( C  + la(r2)O- 

From (ll) and the identity 

n( n-1) 
2 

(i-1) = - 

or  

- 31 - 
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~ U S ,  substituting (19) into (17) 

1 

A close+ approximation is obtsiaed by substituting (20) into the 

second tern of [&5) only, and solving for the new a ' 8 .  Hence 
1 

where 
-2& xw 

n s2 
k =  a constant, 1 

2 
i a 

-= k2 - In [P + (i  - E) p2 hit63 
6 2 2 

+(i - 1) ~6 
with k2 a constant. Utilizing (11) again, k2 may be evaluated as 

n 
n+l 2 kg P/# - - (-1) M 6  + - ln[P+(i--)r l.rd.61 

2 n 2 

The a 's therefore are.fron (23) and (24) i >  I 

a 2  P - i + (i - ", -6) 
Q' cP2 2 

n+l - ln[P+[i-(-)]e2 ~ 6 ]  
2 

n 
n+l 2 + h[~+[i-(-)]o- u 6  (25) 

n 2 
i d  

, - 3 2 -  
I\ 



After some 1oga;riehmic approximations and mipulation (25) reduces to 

This expression is most accurate for parameters which meet the condition 

n+l 
( i  - 7 ) U 6  

< 1  i: 

Equation (26) is slightly different than that reported by Bedrosian2, where 

the correction factor forthe  second term i s  
-i' 

rather than 

P / 2  + 1 
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Appendix 3 

Increase in Analog Error due t o  Channel Noise with the Inclusion of the 

Effects of Double Errors in an n-Digit PCM word 

In appendix 2 the minimum rm6 analog error was determined 

neglecting the effects of more than one error per PCM code word. Whereas 

the analysis fo r  the determination of the  optirmrm ai's is diff icul t  t o  

perform if multiple errors per code word are included, it is relatively 

straightforward t o  ascertain how much the i r  presence modifies the previous 

resul5,s. 

la t ion f o r t h e  nns analog error due t o  single pluse double errors, where- 

It is the purpose of t h i s  appendix t o  determine a modified re- 

i n  the pulse amplitudes ai are se t  equal t o  the i r  optimum values computed 

in the single error analysis. 

The probability of a double error in  the i t h  and j t h  position 

of a n-digit word is 

n 

- p p above threshold 
r /  i j  

Therefore the mean squared analog error (maximum) of a pulse group due 

t o  channel noise 'becomes 

- 34 - 



r n  n n \ 

= “)z Pi4 i-1 + X P i P j ( 2  3-1 +2 i-1 1) 2 

i d  131 j-1 

(3) 

where ea, the mximum analog error due t o  e rmrs  in bot5 i t h  and j%h pulse is* 

A 3-1 + 2i-ll 
e = + q [ 2  
d -  

(4) 

r n  n-1 n \ lj ( 5 )  t 2  = CqE pi4i-1 + pj Pi[4 4 +2 
i-1 3-1 i+j-l 

3-1 i= j+1 
G W  

i-1 

The normalized rms error for  weighted PCM is then 
t 

* ET? 

where 

ana 

For the unweighted or  nonnal PCM case 

i i f  

*It is  t o  be noted tha t  the maxirmrm effect of double errors has been 
assumed. 
a t igh t  bound. 

The result (3) therefore gives an upper bound, which proves t o  be 
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summing the  terms in  (8) gives 

\ 
n-1 

U 

The normalized rms error for tmweighted Pa! is then 

(9) 
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Appendix 4 

Optimum Weighting of Individual Pulse Amplitudes in 89 n-Digit E M  Word 

for Minirmun Mean Absolute Analog E r r o r  Subject to 89 

Average Power Limitation 

The mean'dmolute analog error due to channel noise of a pulse 

group or word in a weighted PCM system is  

n 

i=l 

if only single digit errors per word are considered. Since 

and 

Ip 

change being 

analogous manner to the derivation in Appendix 2 , with the only 

n 

i=1 

it can be readily shown that the optimum ai's are  defined by 
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